
Tutorial 14

FK8027 - Quantum Field Theory

Monday 19th February, 2018

Topics for today

• Problems 7.1, 7.3, 7.5 in M&S

• Feynman rules for QED

1 Bhabha scattering

Problem 7.1. Derive the lowest-order non-vanishing S-matrix element
(7.19) and hence the corresponding Feynman amplitude for Bhabha scatter-
ing, i.e., the process

e� p~p1, r1q � e� p~p2, r2q Ñ e�
�
~p11, s1

	
� e�

�
~p12, s2

	
.

Solution. Bhabha scattering is the elastic process e�e� Ñ e�e� [M&S, pp.
107, 139]. Even intuitively, e� and e� can interact in two ways: they can
exchange some energy and momentum (the proper scattering) or they can
annihilate producing a photon, which then produces another e�e� pair.

Since there cannot be first-order processes in QED [M&S, Sec. 7.2.1], we
consider the second-order contribution to the S-matrix, i.e.,

Sp2q �
p�iq2

2!

»
d4x1d

4x2 T rHIpx1qHIpx2qs , (1)

where T r�s is the time-ordered product and HIpxq � �eN
�
ψpxq {Apxqψpxq

�
,

with N r�s normal ordering operator and e charge of the electron. The ex-
pansion of the time-ordered product by means of the Wick’s theorem [M&S,
Sec. 6.3], gives all possible second-order processes. We only need the term
related to Bhabha scattering. Following [M&S, Chap. 6, p.107], we note
that there are no photons in the initial and final states, and therefore the
term giving rise to Bhabha scattering must be the one with the contraction
between the two electromagnetic potentials Aµpx1q and Aνpx2q,

S
p2q
Bhabha �

p�ieq2

2!

»
d4x1d

4x2 N
�
ψpx1qγ

µψpx1qψpx2qγ
νψpx2q

�
�

� x0|T rAµpx1qAνpx2qs |0y

�
p�ieq2

2!

»
d4x1d

4x2 N
�
ψpx1qγ

µψpx1qψpx2qγ
νψpx2q

�
iDF

µνpx1 � x2q.

(2)
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In other words, the electromagnetic potential cannot appear uncontracted,
because it would annihilate photons in the initial states or create photons
in the final state, but we are not interested in these kind of processes in this
exercise. In (2), we have

iDF
µνpx1 � x2q �

i

p2πq4

»
d4kDF

µνpkqe
�ikpx1�x2q (3a)

�
i

p2πq4

»
d4k

�ηµν
k2 � iε

e�ikpx1�x2q,

ψtpxq � ψ�
t pxq � ψ�

t pxq

�
2̧

t�1

»
d3k

p2πq3{2

c
m

E~k

�
ct p~kqut p~kq e�ikx � d:t p~kq vt p~kq eikx

	
,

(3b)

ψtpxq � ψ
�
t pxq � ψ

�
t pxq

�
2̧

t�1

»
d3k

p2πq3{2

c
m

E~k

�
c:t p~kqut p~kq eikx � dt p~kq vt p~kq e�ikx

	
.

(3c)

In S
p2q
Bhabha, the normal product contains 16 terms coming from the prod-

ucts between the fermionic fields. When we evaluate xf |S
p2q
Bhabha |iy, with

|iy � c:r1 p ~p1q d
:
r2 p ~p2q |0y and |fy � c:s1 p ~p1

1q d
:
s2 p ~p1

2q |0y, only 4 of these terms
will contribute to the S-matrix element. These are the ones containing the
correct annihilation operators to annihilate the initial state and the correct
creation operators to create the final state [M&S, Chap. 6]. The other 12
terms give rise to scalar products between orthogonal states, which are zero,
hence there is no need to consider them. You can verify this explicitly by
expanding the terms in the normal product in full generality, then normal
ordering the fermionic operators and, finally, commuting and anticommut-
ing the operators to have all the annihilation operators to the right and
all the creation operators to the left. We are going to follow this proce-
dure in full detail for the 4 non-zero terms only. The normal product under
consideration is,

N
�
ψpx1qγ

µψpx1qψpx2qγ
νψpx2q

�
� N

��
ψ
�
t px1q � ψ

�
t px1q

	
γµ

�
ψ�
t px1q � ψ�

t px1q
�
�

�
�
ψ
�
t px2q � ψ

�
t px2q

	
γν

�
ψ�
t px2q � ψ�

t px2q
��
,

(4)

and the non-zero terms are

N
�
ψ
�
t px1qγ

µψ�
t px1qψ

�
t px2qγ

νψ�
t px2q

�
� N

�
ψ
�
t px1qγ

µψ�
t px1qψ

�
t px2qγ

νψ�
t px2q

�
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� N
�
ψ
�
t px1qγ

µψ�
t px1qψ

�
t px2qγ

νψ�
t px2q

�
� N

�
ψ
�
t px1qγ

µψ�
t px1qψ

�
t px2qγ

νψ�
t px2q

�
.

(5)

The first two terms in (5) are equivalent, as the last two terms. In fact,
the variables x1, x2 are dummy variables since they are integrated in the
S-matrix expansion, therefore we can interchange them; in addition, iDF

µν

is clearly symmetric in µ, ν since the metric is symmetric, therefore we can
also interchange µ and ν. Hence, we end up with the following expression,

xf |S
p2q
Bhabha |iy �

p�ieq2

2!

»
d4x1d

4x2 iDF
µνpx1 � x2q�

� 2 xf |
!

N
�
ψ
�
t px1qγ

µψ�
t px1qψ

�
t px2qγ

νψ�
t px2q

�
� N

�
ψ
�
t px1qγ

µψ�
t px1qψ

�
t px2qγ

νψ�
t px2q

�)
|iy . (6)

We repeat again that these two non-zero terms exactly contain the creation
and annihilation operators needed to annihilate the particles in |iy and create
the particles in |fy.

Now we plug the explicit expressions of the fields in the matrix element,

xf |S
p2q
Bhabha |iy � p�ieq2

»
d4x1d

4x2 iDF
µνpx1 � x2q�

�

#
xf |N

�
2̧

t�1

»
d3k

p2πq3{2

c
m

E~k

�
c:t p~kqut p~kq eikx1

	
γµ

2̧

q�1

»
d3k1

p2πq3{2

c
m

E~k1

�
cq p~k1quq p~k1q e�ik1x1

	
2̧

t1�1

»
d3λ

p2πq3{2

c
m

E~λ

�
dt1 p~λq vt1 p~λq e�iλx2

	
γν

2̧

q1�1

»
d3λ1

p2πq3{2

c
m

E~λ1

�
d:q1 p~λ1q vq1 p~λ1q eiλ

1x2
	�� |iy

� xf |N

�
2̧

t�1

»
d3k

p2πq3{2

c
m

E~k

�
c:t p~kqut p~kq eikx1

	
γµ

2̧

q�1

»
d3k1

p2πq3{2

c
m

E~k1

�
d:q p~k1q vq p~k1q eik

1x1
	

2̧

t1�1

»
d3λ

p2πq3{2

c
m

E~λ

�
dt1 p~λq vt1 p~λq e�iλx2

	
γν

2̧

q1�1

»
d3λ1

p2πq3{2

c
m

E~λ1

�
cq1 p~λ1quq1 p~λ1q e�iλ1x2

	�� |iy

,.
- .

(7)
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This expression can be rewritten as,

xf |S
p2q
Bhabha |iy � p�ieq2

»
d4x1d

4x2 iDF
µνpx1 � x2q�

�
2̧

t�1

2̧

q�1

2̧

t1�1

2̧

q1�1

»
d4kd4k1d4λd4λ1

p2πq6
m2a

E~kE~k1E~λE~λ1

�

�
!
ut p~kq γ

µuq p~k1q e�ipk1�kqx1vt1 p~λq γ
νvq1 p~λ1q eipλ

1�λqx2 �

� x0| cs1 p ~p
1

1q ds2 p ~p
1

2qN
�
c:t p~kq cq p~k1q dt1 p~λq d

:
q1 p~λ1q

�
c:r1 p ~p1q d

:
r2 p ~p2q |0y

� ut p~kq γ
µvq p~k1q eipk

1�kqx1vt1 p~λq γ
νuq1 p~λ1q e�ipλ1�λqx2 �

� x0| cs1 p ~p
1

1q ds2 p ~p
1

2qN
�
c:t p~kq d

:
q p~k1q dt1 p~λq cq1 p~λ1q

�
c:r1 p ~p1q d

:
r2 p ~p2q |0y

*
.

(8)

Let’s consider the vacuum expectation values in the boxes; the first is

x0| cs1 p ~p
1

1q ds2 p ~p
1

2qN
�
c:t p~kq cq p~k1q dt1 p~λq d

:
q1 p~λ1q

�
c:r1 p ~p1q d

:
r2 p ~p2q |0y

� x0| cs1 p ~p
1

1q ds2 p ~p
1

2q c
:
t p~kq d

:
q1 p~λ1q cq p~k1q dt1 p~λq c

:
r1 p ~p1q d

:
r2 p ~p2q |0y , (9)

where the two minus signs coming from normal ordering of d:q1 p~λ1q with dt1 p~λq
and cq p~k1q result in an overall plus sign. We remind the only non-trivial
anticommutation rules, 

cr p~pq , c
:
s p~p1q

(
�

 
dr p~pq , d

:
s p~p1q

(
� δrsδ~p~p1

. (10)

At this point, we want to write all the annihilation operators to the right
and all the creation operators to the left by commuting and anticommuting
them. So we anticommute the operators in the boxes in (11),

x0| cs1 p ~p
1

1q ds2 p ~p
1

2q c
:
t p~kq d

:
q1 p~λ1q cq p~k1q dt1 p~λq c

:
r1 p ~p1q d

:
r2 p ~p2q |0y

� x0| cs1 p ~p
1

1q c
:
t p~kq ds2 p

~p1

2q d
:
q1 p~λ1q cq p~k1q c:r1 p ~p1q dt1 p

~λq d:r2 p ~p2q |0y

� x0| cs1 p ~p
1

1q c
:
t p~kq ds2 p ~p

1

2q d
:
q1 p~λ1q cq p~k1q c:r1 p ~p1q dt1 p~λq d

:
r2 p ~p2q |0y

� x0|
�
�c:t p~kq cs1 p

~p1

1q � δts1δ~k ~p1

1

	�
�d:t1 p

~λq ds2 p ~p
1

2q � δs2t1δ~λ ~p1

2

	
�

�
�
�c:r1 p ~p1q cq p

~k1q � δr1qδ~k1 ~p1

	�
�d:r2 p ~p2q dq1 p~λ1q � δr2q1δ~λ1 ~p2

	
|0y ,

(11)

The only non-zero term here is the one containing all the deltas, because all
the others have an annihilation operator acting on the vacuum state. Hence
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the result is,

x0|0y δts1δ~k ~p1

1
δs2t1δ~λ ~p1

2
δr1qδ~k1 ~p1

δr2q1δ~λ1 ~p2
, (12)

with x0|0y � 1. The second vacuum expectation value is computed in the
same way,

x0| cs1 p ~p
1

1q ds2 p ~p
1

2qN
�
c:t p~kq d

:
q p~k1q dt1 p~λq cq1 p~λ1q

�
c:r1 p ~p1q d

:
r2 p ~p2q |0y

� x0| cs1 p ~p
1

1q ds2 p ~p
1

2q c
:
t p~kq d

:
q p~k1q dt1 p~λq cq1 p~λ1q c:r1 p ~p1q d

:
r2 p ~p2q |0y

� x0| cs1 p ~p
1

1q c
:
t p~kq ds2 p

~p1

2q d
:
q p~k1q cq1 p~λ1q dt1 p~λq c

:
r1 p ~p1q d

:
r2 p ~p2q |0y

� � x0| cs1 p ~p
1

1q c
:
t p~kq ds2 p ~p

1

2q d
:
q p~k1q cq1 p~λ1q c:r1 p ~p1q dt1 p~λq d

:
r2 p ~p2q |0y

� � x0|
�
�c:t p~kq cs1 p

~p1

1q � δts1δ~k ~p1

1

	�
�d:q p~k1q ds2 p ~p

1

2q � δs2qδ~k1 ~p1

2

	
�

�
�
�d:r2 p ~p2q dt1 p

~λq � δr2t1δ~λ ~p2

	�
�c:r1 p ~p1q cq1 p~λ1q � δr1q1δ~λ1 ~p1

	
|0y

� �δts1δ~k ~p1

1
δs2qδ~k1 ~p1

2
δr2t1δ ~p2~λ δr1q

1δ~λ1 ~p1
. (13)

Now we can use these deltas to remove the integrals over the four-
momenta and the sums over the spins. Upon doing that one obtains,

xf |S
p2q
Bhabha |iy �

p�ieq2

p2πq6

»
d4x1d

4x2 iDF
µνpx1 � x2q

m2b
E ~p1

E ~p2
E ~p1

1
E ~p1

2

�

�
!
�us1 p ~p

1

1q γ
µur p ~p1q eipp

1

1�p1qx1vs2 p ~p
1

2q γ
νvr2 p ~p2q e�ipp1

2�p2qx2

� us1 p ~p
1

1q γ
µvs2 p ~p

1

2q eipp
1

2�p
1

1qx1vr2 p ~p2q γ
νur1 p ~p1q e�ipp2�p1qx2

)
.

(14)

The next step is the computation of the integrals over x1 and x2, so we
collect these two integrals explicitly and write down the expression for the
Fourier transform of the photon propagator,

xf |S
p2q
Bhabha |iy �

p�ieq2

p2πq6
m2b

E ~p1
E ~p2

E ~p1

1
E ~p1

2

�

�

"
� us1 p ~p

1

1q γ
µur p ~p1q vs2 p ~p

1

2q γ
νvr2 p ~p2q �

�

»
d4q

p2πq4
iDF

µνpqq

»
d4x1d

4x2e
�iqpx1�x2qeipp

1

1�p1qx1e�ipp1

2�p2qx2

� us1 p ~p
1

1q γ
µvs2 p ~p

1

2q vr2 p ~p2q γ
νur1 p ~p1q �

�

»
d4q

p2πq4
iDF

µνpqq

»
d4x1d

4x2e
�iqpx1�x2qeipp

1

2�p
1

1qx1e�ipp2�p1qx2

*
.

(15)
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The integrals over x1 and x2 are equal to two Dirac deltas, since»
d4x

p2πq4
eikx � δ pkq . (16)

The two terms (without the spinors) become»
d4q p2πq4 iDF

µνpqqδ
�
p11 � p1 � q

�
δ
�
q � p12 � p2

�
� p2πq4 iDF

µν

�
p12 � p2

�
δ
�
p12 � p2 �

�
p11 � p1

��
, (17a)»

d4q p2πq4 iDF
µνpqqδ

�
p12 � p11 � q

�
δ pq � p2 � p1q

� p2πq4 iDF
µν pp� 1 � p2q δ

�
p12 � p11 � pp2 � p1q

�
. (17b)

These two Dirac deltas guarantee that the processes respect the relativistic
energy–momentum conservation. Finally, we have the result,

xf |S
p2q
Bhabha |iy �

p�ieq2

p2πq2
m2b

E ~p1
E ~p2

E ~p1

1
E ~p1

2

�

�

"
� us1 p ~p

1

1q γ
µur1 p ~p1q iDF

µνpp
1
2 � p2qvs2 p ~p

1

2q γ
νvr2 p ~p2q δ

�
p12 � p2 �

�
p11 � p1

��
� us1 p ~p

1

1q γ
µvs2 p ~p

1

2q iDF
µνpp1 � p2qvr2 p ~p2q γ

νur1 p ~p1q δ
�
p12 � p11 � pp2 � p1q

� *
.

(18)

We are finally in the position to define the two “Feynman amplitudes”,

Ma :� p�ieq2 us1 p ~p
1

1q γ
µur1 p ~p1q iDF

µνpp
1
2 � p2qvs2 p ~p

1

2q γ
νvr2 p ~p2q , (19a)

Mb :� �p�ieq2 us1 p ~p
1

1q γ
µvs2 p ~p

1

2q iDF
µνpp1 � p2qvr2 p ~p2q γ

νur1 p ~p1q , (19b)

which allow us to rewrite the S-matrix element as,

xf |S
p2q
Bhabha |iy �

1

p2πq2
�im2b

E ~p1
E ~p2

E ~p1

1
E ~p1

2

�

�

"
Ma δ

�
p12 � p2 �

�
p11 � p1

��
�Mb δ

�
p12 � p11 � pp2 � p1q

�*
.

(20)

Now we substitute the expression for the photon propagator into the
Feynman amplitudes and get,

Ma :� �ie2 rus1 p ~p
1

1q γ
µur1 p ~p1qs

ηµν

pp12 � p2q
2 � iε

rvs2 p ~p
1

2q γ
νvr2 p ~p2qs (21a)
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� �ie2 rus1 p ~p
1

1q γ
µur1 p ~p1qs

1

pp12 � p2q
2 � iε

rvs2 p ~p
1

2q γµvr2 p ~p2qs , (21b)

Mb :� ie2 rus1 p ~p
1

1q γ
µvs2 p ~p

1

2qs
1

pp1 � p2q
2 � iε

rvr2 p ~p2q γµur1 p ~p1qs . (21c)

Compare these formulas with (8.48) in M&S (we also have the spins and
the names of the momenta are different). The Feynman amplitudes can be
obtained much easier if one uses the “Feynman rules”. Indeed, the calcula-
tion that we just completed is somewhat standard, and the steps that one
has to perform for different scattering processes are all similar to what we
have done. This allowed Feynman to define simple rules that can be used
to avoid lengthy computations.

The two contributions Ma and Mb represent two distinct physical pro-
cesses. The amplitude Ma describes the scattering between e� and e�

through the exchange of a virtual photon carrying momentum and energy
(the so-called t-channel), whereas Mb describes the annihilation of the e�e�

pair into a photon, which then creates another e�e� pair (s-channel). They
correspond to the Feynman diagrams in Figure 1. Note that the Feynman
diagrams are in bijective correspondence with the Feynman amplitudes via
the Feynman rules [M&S, section 7.3, p. 118], therefore they are an handy
way to write down integrals. They are not drawings representing the actual
physical process as it happens in spacetime.
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2 Scalar field self-interaction

Solution. We are considering a self-interaction of the type φ4, which allows
first-order processes. The first-order S-matrix is

Sp1q �
ig

4!

»
d4x N

�
φ4
�

�
ig

4!

»
d4x N

��
φ�pxq � φ�pxq

� �
φ�pxq � φ�pxq

� �
φ�pxq � φ�pxq

� �
φ�pxq � φ�pxq

��
.

(22)

In the previous exercise, we saw that the general computation is quite
lengthy. Therefore, now, we simplify our analysis by doing some consid-
erations.

First, we want terms involving two annihilation and two creation oper-
ators. This can be achieved in six ways, namely,

φ�φ�φ�φ�, φ�φ�φ�φ�, φ�φ�φ�φ�,

φ�φ�φ�φ�, φ�φ�φ�φ�, φ�φ�φ�φ�. (23)

Note that these are scalar fields, so they all commute when we perform the
normal ordering. All these terms become φ�φ�φ�φ� after normal ordering.
For each term, we have 2 ways to assign momenta for the initial state and
2 ways for the final state, which means 4 ways in total. So we have a factor
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of 6 � 4 � 24 � 4! in front of the S-matrix element, which exactly cancel

the prefactor
1

4!
. Then,

S̃p1q � ig

»
d4xφ�pxqφ�pxqφ�pxqφ�pxq. (24)

The quantity S̃p1q is the part of Sp1q describing the process we care about.
Now we insert the explicit expression for φ [eq.(3.7) in M&S],

φ�pxq �

»
d4q

2π3{2

d
1

2E~q

a p~kq e�iqx, φ�pxq �

»
d4q

2π3{2

d
1

2E~q

a: p~kq eiqx.

(25)

The S-matrix element becomes

xf | S̃p1q |iy � ig

»
d4xΠj

�
� 1b

2E ~qj

�
e�iq1xe�iq2xeiq

1

1xeiq
1

2x xf | a: p~q1

2q a
: p~q1

1q a p~q2q a p~q1q |iy

igΠj

�
� 1b

2E ~qj

�
δ �q11 � q12 � q1 � q2

�
p2πq4 xf | a: p~q1

2q a
: p~q1

1q a p~q2q a p~q1q |iy ,

(26)

with |fy � a: p ~q3q a
: p ~q4q |0y and |iy � a: p ~q1q a

: p ~q2q |0y.
1 This implies that

xf | a: p~q1

2q a
: p~q1

1q a p~q2q a p~q1q |iy � x0|0y � 1. (27)

Hence,

xf | S̃p1q |iy � igΠj

�
� 1b

2E ~qj

�
δ �q11 � q12 � q1 � q2

�
p2πq4 , (28)

from which we can extract the Feynman amplitude

M � ig. (29)

1Note that we skipped many steps here. Why are the initial and final momenta equal
to the momenta qj coming from the fields?
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3 Interaction with an external static potential

Solution. To derive the equations of motion, we know that L0 gives the
Klein–Gordon equation. The variation of LI gives,

δ

�»
d4xµUp~xqφpxq2

�
� µ

»
d4xUp~xq pφpxqδφpxq � δφpxq � φpxqq

� 2µ

»
d4xUp~xqφpxqδφpxq. (30)

The Euler–Lagrange equations are,�
l� µ2

�
φpxq � 2µUp~xqφpxq. (31)

We consider a first-order process, hence the S-matrix is

Sp1q � i

»
d4xN

�
µUp~xqφpxq2

�
. (32)

In the initial and final states we have one particle, so we need the terms
having only one creation and one annihilation operator.

Sp1q � i

»
d4xN

�
µUp~xq

�
φ�pxq � φ�pxq

� �
φ�pxq � φ�pxq

��
. (33)
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We can have φ�φ� and φ�φ�, both normal ordered to φ�φ�. The other
terms would lead to scalar products between orthogonal states. The com-
putation reads,

xf |Sp1q |iy � 2i

»
d4xµUp~xq xf |φ�pxqφ�pxq |iy

� 2iµ

»
d4xUp~xqΠj

�
� 1b

2E ~kj

�
eikfxe�ikix

� 2iµΠj

�
� 1b

2E ~kj

�
»

d4xUp~xqeikfxe�ikix

� 2iµΠj

�
� 1b

2E ~kj

�
2πδ pωf � ωiq

»
d3xUp~xqeip

~kf�~kiq~x

� 2iµΠj

�
� 1b

2E ~kj

�
2πδ pωf � ωiq Ũp ~kf � ~kiq

�
2πi δ pωf � ωiq

p2ωf q1{2p2ωiq1{2
2µŨ

�
~kf � ~ki

	
. (34)

4 Feynman rules for QED

The Feynman rules are taken from M&S, Section 7.3 and Appendix B.
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ur1 p ~p1q us1 p
~p1

1q

vs2 p
~p1

2q vr2 p ~p2q

e� e�

iDF
µν pp

1
2 � p2q γ

e� e�

(e) Elastic scattering, t-channel, Ma.

ur1 p ~p1q

vr2 p ~p2q

us1 p
~p1

1q

vs2 p
~p1

2q

e�

e�

iDF
µν pp1 � p2q

γ

e�

e�

(f) Pair annihilation and creation, s-channel, Mb.

Figure 1: Feynman diagrams corresponding to the two Feynman amplitudes
Ma and Mb of the Bhabha scattering e�e� Ñ e�e�. Time goes from left to
right.

According to these rules, the two Feynman amplitudes for Bhabha scat-
tering correspond to the Feynman diagrams in Figure 1.

Ma � �ie2 rus1 p ~p
1

1q γ
µur1 p ~p1qs

1

pp12 � p2q
2 � iε

rvs2 p ~p
1

2q γµvr2 p ~p2qs , (35a)

Mb � ie2 rus1 p ~p
1

1q γ
µvs2 p ~p

1

2qs
1

pp1 � p2q
2 � iε

rvr2 p ~p2q γµur1 p ~p1qs . (35b)
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