
Tutorial 11

FK8027 - Quantum Field Theory

Monday 28th January, 2019

Topics for today

• The relativistic definition of flux

• The cross section

• The spin-sums lemma

• e�e� production in electromagnetic field

1 The relativistic definition of flux

In M&S, the differential cross-section is defined in eq. (8.8) to be

dσ :� w

φ
Πf

V d3pf
p2πq3 , (1)

where we assume to know the rate of events w � d|Sfi|2
dt

, and the flux of the

particles in the initial state φ. Equivalently, we can define the cross-section
as [LLH75, p. 34]—

L.D. Landau, E.M Lifshitz, and M. Hamermesh. The Classical The-
ory of Fields. Course of theoretical physics. Elsevier Science, 1975.
isbn: 9780750627689. url: https : / / books . google . se / books ? id =

X18PF4oKyrUC

dN � σφdV dt, (2)

where dN is the number of events in dV dt. In non-relativistic mechanics,
the flux is equal to

φ � n1n2vrel, (3)

where n1 and n2 are the number densities of the particles and vrel is the
modulus of the relative velocity between them, i.e.,

vrel � |~v1 � ~v2|. (4)

We need to extend the definition of the flux to the relativistic case. This
is not trivial as it can seem, because dw must be invariant under Lorentz
transformations, and both ni and the relativistic vrel are not. However,, if
the target particles are at rest, then we do not have to compose any velocity
and vrel � |~v1|. In this case, then, the classical formula can be directly
extended,

dN � σn1n2vreldV dt, (5)
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with the relativistic vrel � |~v1|. We need an expression which reduces to
(5) when the target is at rest, and is Lorentz invariant. Suppose that this
expression can be written as,

dN � pAn1n2qdV dt. (6)

We know that dV dt � d4x is invariant under Lorentz transformations, and
dN , being a pure number, is invariant as well. This implies that An1n2 has
to be invariant. Let’s see how ni transforms under a Lorentz transformation.

The number of particles in a given volume is a Lorentz invariant, so we
have

ndV � n1dV 1, (7)

where the primes indicate quantities in the new coordinates. We know, from
the length contraction, that the volume transforms as

dV 1 � dV

γ
, (8)

where we introduced the relativistic γ factor. Therefore,

ndV � n1dV 1 � n1
dV

γ
ùñ n1 � γn. (9)

Hence, the quantity An1n2 can be written as

An1n2 � Aγ1n
0
1γ2n

0
2 � A

E1

m1

E2

m2
n01n

0
2, (10)

where n01, n
0
2 are the number densities in the rest frames of the targets and

the projectiles, respectively. Now n01, n
0
2,m1,m2 are invariant under Lorentz

transformations, se we want to impose that AE1E2 is invariant as well. In
addition, if AE1E2 is an invariant, such is AE1E2{ ppµ1p2µq, since pµ1p2µ is
itself an invariant. Let’s call it I,

I :� AE1E2

pµ1p2µ
� AE1E2

E1E2 � ~p1 � ~p2 . (11)

Let’s go to the rest frame of particle 2, i.e., ~p2 � 0,

I � AE1m2

E1m2
� A. (12)

We know from (5) that in this frame we should get σvrel, therefore we have
determined the invariant I,

I � σvrel, (13)

2



which does not change under Lorentz transformations. It follows that

A � pµ1p2µ
E1E2

I � pµ1p2µ
E1E2

σvrel, (14)

and

dN � σvrel
pµ1p2µ
E1E2

n1n2dV dt. (15)

At this point we need to determine the relativistic vrel. The following
formulas hold in special relativity [LLH75, p. 35]—

L.D. Landau, E.M Lifshitz, and M. Hamermesh. The Classical The-
ory of Fields. Course of theoretical physics. Elsevier Science, 1975.
isbn: 9780750627689. url: https : / / books . google . se / books ? id =

X18PF4oKyrUC
, [Can17]—

Mirco Cannoni. “Lorentz invariant relative velocity and relativistic binary
collisions”. In: International Journal of Modern Physics A 32.02n03 (2017),
p. 1730002. doi: 10.1142/S0217751X17300022. eprint: https://doi.

org/10.1142/S0217751X17300022. url: https://doi.org/10.1142/

S0217751X17300022
, [Tsa10, Sec. 6.4]—

M. Tsamparlis. Special Relativity: An Introduction with 200 Problems and
Solutions. Springer Berlin Heidelberg, 2010. isbn: 9783642038372. url:
https://books.google.se/books?id=cTVGAAAAQBAJ

,

vrel �
�
ppµ1p2µq2 �m2

1m
2
2

�1{2 1

pµ1p2µ

�
�
p~v1 � ~v2q2 � p~v1 ^ ~v2q2

�1{2 1

1� ~v1 � ~v2 , (16a)

pµ1p2µ � E1E2 p1� ~v1 � ~v2q , (16b)

which imply

E1E2vrel �
�
ppµ1p2µq2 �m2

1m
2
2

�1{2 1

1� ~v1 � ~v2 ,
(17a)

E1E2

�
p~v1 � ~v2q2 � p~v1 ^ ~v2q2

�1{2
�
�
ppµ1p2µq2 �m2

1m
2
2

�1{2
. (17b)

This formula show that eq. (8.9) in M&S in not precise. They are calling

vrel the quantity
�
p~v1 � ~v2q2 � p~v1 ^ ~v2q2

�1{2
, which is not the relativistic

relative velocity. We call this quantity vsep, the “separation” between the
relativistic velocities (it reduces to the relative velocity in the non-relativistic
case),

vsep :� p1� ~v1 � ~v2q vrel �
�
p~v1 � ~v2q2 � p~v1 ^ ~v2q2

�1{2
. (18)

Using these formulas, one obtains,

dN

n1n2
� σvrel

pµ1p2µ
E1E2

dV dt

� σ
�
p~v1 � ~v2q2 � p~v1 ^ ~v2q2

�1{2 1

1� ~v1 � ~v2
E1E2 p1� ~v1 � ~v2q

E1E2
dV dt

� σ
�
p~v1 � ~v2q2 � p~v1 ^ ~v2q2

�1{2
dV dt � σvsepdV dt. (19)

We now can finally define the relativistic flux as follows

dN � σvrel
pµ1p2µ
E1E2

n1n2dV dt � σvrel
E1E2 p1� ~v1 � ~v2q

E1E2
n1n2dV dt
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� σ rn1n2 p1� ~v1 � ~v2q vrelsdV dt, (20)

φ :� n1n2 p1� ~v1 � ~v2q vrel � n1n2 vsep
~v1,2Ñ0ÝÑ n1n2vrel, (21)

which is what we are looking for, compatibly with (5).
You can easily accept that the quantity vrel in M&S cannot be a rela-

tivistic relative velocity if you look at eq. (8.10a), which can become grater
than 1 very easily (see also [Wei05, pp. 137–139]—

S. Weinberg. The Quantum Theory of Fields: Volume 1, Foundations.
Cambridge University Press, 2005. isbn: 9781139643245. url: https:

//books.google.se/books?id=V7ggAwAAQBAJ
). Hence, eq. (8.9) in M&S

is correct if we replace the subscript “rel” with “sep”. To quote [Tsa10,
p. 169]—

M. Tsamparlis. Special Relativity: An Introduction with 200 Problems and
Solutions. Springer Berlin Heidelberg, 2010. isbn: 9783642038372. url:
https://books.google.se/books?id=cTVGAAAAQBAJ

, “in Special Relativity nothing is obvious and everything has to be
calculated explicitly”.1

At this point, we can define a four-vector Ji for the particle i as [Can17]—

Mirco Cannoni. “Lorentz invariant relative velocity and relativistic binary
collisions”. In: International Journal of Modern Physics A 32.02n03 (2017),
p. 1730002. doi: 10.1142/S0217751X17300022. eprint: https://doi.

org/10.1142/S0217751X17300022. url: https://doi.org/10.1142/

S0217751X17300022

Ji :� pni, ni~vq , (22)

such that the flux is given by,

φ � pJ1 � J2q vrel � n1n2 p1� ~v1 � ~v2q vrel. (23)

As the last comment, we note that for collinear particles ~v1 ^ ~v2 � 0,
hence the relative velocity is just

vrel � |~v1 � ~v2|
1� ~v1 � ~v2 �

vsep
1� ~v1 � ~v2 . (24)

M&S are considering collinear particles, indeed vsep in (24) is the same as
in eqs. (8.10a)-(8.10b) in M&S.

2 The cross-section

On the previous tutorial, we computed some Feynman amplitudes. The
final prediction in QFT, however, is not a Feynman amplitude, but rather
a cross-section. Let’s consider a process in which two particles in the initial
state interact and produce two particles in the final state. We have

pi � pEi, ~piq , i � 1, 2, (25a)

pj � pEj , ~pjq , j � 1, 2. (25b)

Let’s also suppose that the particles are in a definite polarization or spin
state, so we do not have to sum over them. Also, we now consider the process
happening within a finite region of space V in a finite amount of time T .
This changes the normalizations of the fields. Under these assumptions, the
matrix element can be written as,

Sfi :� xf |S |iy � δfi � p2πq4δ
�¸

j

pj �
¸
i

pi

�
Πi

c
1

2V Ei
Πj

d
1

2V Ej
Π`

?
2m`M,

(26)

1Imagine in General Relativity, and so on...
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where M is the Feynman amplitude. The � sign is there because the delta
function changes in a finite volume and finite time. Namely,

p2πq4δ
�¸

j

pj �
¸
i

pi

�
� lim

TÑ8
VÑ8

» T {2
�T {2

dt

»
V

d3xeixp
°

f Pf�
°

i piq

� lim
TÑ8
VÑ8

δTV

�¸
j

pj �
¸
i

pi

�
. (27)

Therefore, we must replace p2πq4δ
�°

j pj �
°
i pi

	
with δTV

�°
j pj �

°
i pi

	
in our expressions.

Now, the transition probability from |iy to |fy is |Sfi|2, as in non-
relativistic quantum mechanics. Hence, the rate of transition is equal to

w � |Sfi|2
T

. (28)

At this point, we face a mathematical problem. Since Sfi has a δ inside
it, its square will have the square of the δ distribution. The product of
any two distribution is mathematically ill-defined. How to deal with this
problem? First of all, let’s notice that we run into it because of an over-
simplification. We consider particles with exactly determined momenta,
and this is non-physical due to the Heinsenberg uncertainty principle and
to the finite resolution of any observation. To get the meaningful cross-
section, one should consider wave-packets in the initial and final states, i.e.,
states with momenta that can range within a finite interval. However, the
treatment becomes more complicated if one uses wave-packets, hence we
use the exactly known momenta, but we have to pay the price for this, i.e.,
we need to pursue a non-rigorous treatment where we deal with the (non-
existing) quantity “δ2ppq”. We now “compute” the square of the Dirac delta
by means of a “trick”,

“δ2ppq” �
�
� lim

T1Ñ8

V1Ñ8

» T1{2
�T1{2

dt1
p2πq4

»
V1

d3x1e
ix1p

�
�

�
�
� lim

T2Ñ8

V2Ñ8

» T2{2
�T2{2

dt2
p2πq4

»
V2

d3x2e
ix2p

�


� lim
T1Ñ8

V1Ñ8

lim
T2Ñ8

V2Ñ8

» T1{2
�T1{2

dt1

» T2{2
�T2{2

dt2

»
V1

d3x1

»
V2

d3x2
eippx1�x2q

p2πq8 . (29)
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Now we make the change of variables x � x1 � x2, dx � dx2 in the integral
labeled with 2,

“δ2ppq” � lim
T1Ñ8

V1Ñ8

lim
T2Ñ8

V2Ñ8

» T1{2
�T1{2

dt1

» t1�T2{2
t1�T2{2

dt

»
V1

d3x1

»
V1�V2

d3x
eipx

p2πq8 . (30)

Now we take the limits T2, V2 Ñ8 first,

“δ2ppq” � lim
T1Ñ8

V1Ñ8

�» T1{2
�T1{2

dt1
p2πq4

»
V1

d3x1

��» 8
�8

dt

»
space

d3x
eipx

p2πq4
�

� lim
T1Ñ8

V1Ñ8

rT1V1s δppqp2πq4 . (31)

At this point, we claim that the physical process happens in the finite time
T1 and in the finite volume V1, hence we can neglect the limits T1, V1 Ñ8.
In the light of this, in our expression we will use the formula

p2πq4“δ2ppq” � T1V1 δppq, (32)

which in terms of δTV becomes

p2πq8“δ2ppq” � T1V1δTV ppq. (33)

This allows us to write

w � 1

T
p2πq8δ

�¸
j

pj �
¸
i

pi

�2

Πi

�
1

2V Ei



Πj

�
1

2V Ej



Π` p2m`q |M|2

� TV

T
p2πq4δ

�¸
j

pj �
¸
i

pi

�
Πi

�
1

2V Ei



Πj

�
1

2V Ej



Π` p2m`q |M|2

� V p2πq4δ
�¸

j

pj �
¸
i

pi

�
Πi

�
1

2V Ei



Πj

�
1

2V Ej



Π` p2m`q |M|2.

(34)

This is the transition rate to a final state with exact final momenta. Now, we
know that we will always have some uncertainty in measuring the momenta,
so it makes sense to consider momenta in the interval ppf , pf � dpf q. We
know that, in a discretized system (finite volume), the density of states is
V

p2πq3d3pf . The “differential cross section” is the transition rate into this

group of final states, per unit incident flux of particles in the initial state.

The incident flux is φ � nvsep � vsep
V

, where vsep is the separation velocity

of the colliding particles. We have,

dσ :� w

φ
Πj
V d3pj
p2πq3
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� p2πq4δ
�
�¸

f

pf �
¸
i

pi

�
 1

4E1E2vsep
Π` p2m`qΠj

�
d3pj

p2πq32Ej



|M|2

� 1

64π2vsepE1E2E1
1E

1
2

pΠ`2m`q |M|2δ �p11 � p12 � p1 � p2
�

d3p11d
3p12,

(35)

if the particles move collinearly. In this case it holds

E1E2vsep �
�pp1p2q2 �m2

1m
2
2

�1{2
. (36)

Two important frames in which the particles move collinearly are the center
of mass frame (COM) and the laboratory frame (LAB).

The COM frame is defined by ~p1 � �~p2 and so

vsep � |~p1|
E1

� |~p2|
E2

� |~p1|E1 � E2

E1E2
. (37)

In the LAB frame, one particle is at rest, so ~p2 � 0 and

vsep � |~p1|
E1

. (38)

The last step to make the differential cross-section observable is to re-
move the last delta, which is not observable. We then need to integrate over
the final momenta, because they can be arbitrary as long as they respect
energy–momentum conservation (guaranteed by the delta). We perform the

integration over ~p12 first,

dσ � d3p11

»
d3p12

1

64π2vsepE1E2E1
1E

1
2

pΠ`2m`q |M|2δ �p11 � p12 � p1 � p2
�

� 1

64π2vsepE1E2E1
1E

1
2

pΠ`2m`q |M|2δ �E1
1 � E1

2 � E1 � E2

� |~p11|2dp11dΩ1,

(39)

where in the last step we used

d3p � |~p|2d|~p|dΩ � |~p|EdEdΩ � |~p|EdE sinpθqdθdφ, (40)

which corresponds to going to spherical coordinates in the momentum space.
We now integrate over ~p11. This will kill the last delta and leave us with an
observable quantity. We use the formula

»
fpx, yqδrgpx, yqsdx �

»
fpx, yqδrgpx, yqs

�Bx
Bg

����
y

dg � fpx, yq�Bg
Bx

����
y

���������
g�0

(41)
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to get,

dσ � 1

64π2vsepE1E2E1
1E

1
2

pΠ`2m`q |M|2|~p11|2dΩ1

�B pE1
1 � E1

2q
B|p11|

��1

. (42)

Remind that ~p12 � ~p1 � ~p2 � ~p11 from energy–momentum conservation. In
the COM frame, we have

E12 � m2 � |~p1|2 ùñ B pE1
1 � E1

2q
B|p11|

� |p11|
E1 � E2

E1
1E

1
2

. (43)

Hence, in the COM we obtain

dσ

dΩ1

����
COM

� 1

64π2pE1 � E2q2
|p11|
|p1| pΠ`2m`q |M|2. (44)

This is the observable quantity that can be compared with the scattering
experiments.

Now we compute the differential cross-section in the LAB. One particle
is stationary, so

~p12 � 0, p2 � E2 � m2. (45)

We start again from

dσ � fpp11, p12q|~p11|2dΩ1

�B pE1
1 � E1

2q
B|p11|

��1

, (46)

with fpp11, p12q �
1

64π2vsepE1E2E1
1E

1
2

pΠ`2m`q |M|2. The relative velocity in

the lab frame is vsep � |~p1|
E1

. Substituting into dσ we get

dσ

dΩ1

����
LAB

� 1

64π2
|p1|
E1

E1E2E1
1E

1
2

pΠ`2m`q |M|2|~p11|2dΩ1

�B pE1
1 � E1

2q
B|p11|

��1

� 1

64π2E1
1E

1
2

|~p11|2
|p1|m2

pΠ`2m`q |M|2dΩ1

�B pE1
1 � E1

2q
B|p11|

��1

. (47)

Now we compute the partial derivative. We know that

E12
1 � |~p11|2 �m2

1, E12
2 � |~p12|2 �m2

2. (48)

Conservation of four-momentum gives us p1 � p2 � p11 � p12, which implies

~p12 � ~p1 � ~p11 ùñ
���~p12���2 � |~p1|2 �

���~p11���2 � 2 |~p1|
���~p11��� cospθ1q. (49)
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It follows

E1
1 �

c
m2

1 �
���~p11���2, E1

2 �
c
m2

2 � |~p1|2 �
���~p11���2 � 2 |~p1|

���~p11��� cospθ1q. (50)

Now we can compute the partial derivatives

BE1
1

B|p11|
� 1

2

�
m2

1 �
���~p11���2


�1{2

2
���~p11��� �

���~p11����
m2

1 �
���~p11���2


1{2
�

���~p11���
E1

1

, (51a)

BE1
1

B|p11|
� 1

2

�
m2

2 � |~p1|2 �
���~p11���2 � 2 |~p1|

���~p11��� cospθ1q

�1{2 �

2
���~p11���� 2 |~p1| cospθ1q

	

�

���~p11���� |~p1| cospθ1q
E1

2

. (51b)

Hence we get,

B pE1
1 � E1

2q
B|p11|

�

���~p11���
E1

1

�

���~p11���� |~p1| cospθ1q
E1

2

�
pE1

1 � E1
2q
���~p11���� E1

1 |~p1| cospθ1q
E1

1E
1
2

�
pE1 � E2q

���~p11���� E1
1 |~p1| cospθ1q

E1
1E

1
2

�
pE1 �m2q

���~p11���� E1
1 |~p1| cospθ1q

E1
1E

1
2

.

(52)

The cross-section in the LAB is then

dσ

dΩ1

����
LAB

� 1

64π2m2

1

pE1 �m2q
���~p11���� E1

1 |~p1| cospθ1q

���~p11���2
|~p1| pΠ`2m`q |M|2.

(53)

3 The spin-sums lemma

The spin-sums lemma, or Casimir’s trick, is the following statement,

¸
r,r1

pur1 p~p1qAvr p~pqq pur1 p~p1qBvr p~pqq: � 1

4m2
Tr
�� {p1 �m

�
A
�
{p�m

�
B̃
	
,

(54)

where A and B are matrices built out of γ matrices, and B̃ � γ0B:γ0.
The proof follows,¸

r,r1

pur1 p~p1qAvr p~pqq pur1 p~p1qBvr p~pqq:
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�
¸
r,r1

�
u:r1 p~p1q γ0Avr p~pq

	�
u:r1 p~p1q γ0Bvr p~pq

	:

�
¸
r,r1

�
u:r1 p~p1q γ0Avr p~pq

	�
v:r p~pqB:γ0

:
ur1 p~p1q

	

�
¸
r,r1

�
u:r1 p~p1q γ0Avr p~pq

	 �
v:r p~pq γ0γ0B:γ0ur1 p~p1q

�
�
¸
r,r1

pur1 p~p1qAvr p~pqq
�
vr p~pq γ0B:γ0ur1 p~p1q

�
. (55)

Now we rewrite the same object in spinorial index notation (so far we have
been using the matrix notation),¸

r,r1

pur1 p~p1qI AIJvr p~pqJq
�
vr p~pqK γ0KLB:

LMγ
0
MNur1 p~p1qN

	

�
¸
r1

pur1 p~p1qN ur1 p~p1qIqAIJ
¸
r

pvr p~pqJ vr p~pqKq
�
γ0KLB

:
LMγ

0
MN

	

�
� {p1 �m

2m



NI

AIJ

� {p�m

2m



JK

�
γ0KLB

:
LMγ

0
MN

	

� Tr

� {p1 �m

2m
A
{p�m

2m
γ0B:γ0




� 1

4m2
Tr
�� {p1 �m

�
A
�
{p�m

�
γ0B:γ0

�
� 1

4m2
Tr
�� {p1 �m

�
A
�
{p�m

�
B̃
	
. (56)

In the second equality in (56), we used the expressions for the projectors
onto the positive and negative energy states for the Dirac spinors,2

Λ� p~pq �
¸
r

ur p~pqur p~pq � {p�m

2m
, (57a)

Λ� p~pq � �
¸
r

vr p~pq vr p~pq � �{p�m

2m
. (57b)

4 e�e� production in electromagnetic field

We consider the following initial and final states

|iy � |0y , |fy � c:t p ~p1q d:s p ~p2q |0y , (58)

and an electromagnetic field of the form

Aµ �
�
0, 0, ae�iωt, 0

�
, (59a)

2Did you prove these formulas after the tutorial on the Dirac equation?
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Aµ � ηµνAν �
�
0, 0, η22A2, 0

� � �
0, 0,�ae�iωt, 0

�
. (59b)

We consider the first-order S-matrix in QED,

xf |Sp1q |iy � ie

»
d4xψ

�pxq {Apxqψ�pxq

� ie

p2πq3
»

d4x
¸
r1s1

»
d3q1d

3q2

c
m

E ~q1

c
m

E ~q2

�

� x0| cr p ~p1q ds p ~p2q
�
c:r1 p~q1qur1 p~q1q eiq1x

� ��γ2ae�iωt
� �
d:s1 p~q2q vs1 p~q2q eiq2x

�
|0y

� � iea

p2πq3
c
m

E1

c
m

E2

»
d4xur p ~p1q γ2vs p ~p2q e�ip1x�ip2x�iωt

� � ieam

p2πq3
1?
E1E2

p2πq4δp~p2 � ~p1qδ pE2 � E1 � ωqur p ~p1q γ2vs p ~p2q .
(60)

The Feynman amplitude is

M � �ieaur p ~p1q γ2vs p ~p2q . (61)

We are not assuming any definite polarization for the particles in the final
state, so we must sum over the polarizations of the final state

|M|2 � �i ipeaq2
¸
rs

ur p ~p1q γ2vs p ~p2q vs p ~p2q γ2ur p ~p1q

� e2a2 Tr

� {p2 �m

2m
γ2

{p1 �m

2m
γ2


� e2a2

4m2

�
Tr
�
{p2γ2 {p1γ2

��m2 Tr
�
γ2γ

2
��
.

(62)

Here we use the “Casimir’s trick”, proved in the next section. We now make
use of the following relations

Tr
�
γαγβ

	
� ηαβ, Tr podd # of γq � 0,

Tr
�
γαγβγγγδ

	
� 4

�
ηαβηγδ � ηαγηβδ � ηαδηγβ

	
. (63)

We get,

Tr
�
{p2γ2 {p1γ2

� � 4 pp2µp1νq
�
ηµ2η

ν2 � ηµνη22 � ηµ2ην2
�

� 4
�pp2q2pp1q2 � pp2qµpp1qνηµν � pp1q2pp2q2

�
� �4 rpp2q2pp1q2 � pp2qµpp1qµ � pp1q2pp2q2s . (64)

Explicitly, the momenta are given by

pp1qµ � pE1, |~p1| sinpθq cospφq, |~p1| sinpθq sinpφq, |~p1| cospθqq , (65a)

pp2qµ � pE2,�|~p2| sinpθq cospφq,�|~p2| sinpθq sinpφq,�|~p2| cospθqq . (65b)
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It follows,

Tr
�
{p2γ2 {p1γ2

� � 4
��2|~p2||~p1| sinpθq2 sinpφq2 � E1E2 � ~p1 � ~p2

�
. (66)

Also, Tr
�
γ2γ

2
� � 4η22 � 4. The Feynman amplitude squared becomes,

|M|2 � e2a2

m2

�
E1E2 � |~p1||~p2| �m2 � 2|~p2||~p1| sinpθq2 sinpφq2� . (67)

This concludes the computation of the amplitude. We now turn to the

computation of the differential cross-section dσ � wV
d3p1d

3p2
p2πq6 , with w �

|Sfi|2
T

. Now let’s consider the part of Sfi which is not in M and call it R.

R � 1

p2πq3
m?
E1E2

p2πq4
p2πq6 δp~p2 � ~p1qδpE2 � E1 � ωq, (68)

which implies

|R|2 � m2

V 2E1E2
TV

p2πq8
p2πq6p2πq4 δp~p2 � ~p1qδpE2 � E1 � ωq, (69)

where p2πq3 Ñ V because of the finite limit assumption. Then we have,

|Sfi|2 � |M|2|R|2, (70)

and

dσ � e2a2

E1E2

1

p2πq2 δp~p2 � ~p1qδpE2 � E1 � ωq�

� �E1E2 � |~p1||~p2| �m2 � 2|~p2||~p1| sinpθq2 sinpφq2� d3p1d
3p2. (71)

We now need to integrate over ~p2,

dσ � e2a2

p2πq2
δp2E1 � ωq

E2
1

�
E2

1 � |~p1| �m2 � 2|~p1|2 sinpθq2 sinpφq2� d3p1

� e2a2

2E2
1p2πq2

δpE1 � ω{2q �2E2
1 � 2pE2

1 �m2q sinpθq2 sinpφq2�d3p1, (72)

where we used δpαxq � δpxq{|α|. Now we integrate over ~p1 by using

E �
a
|~p|2 �m2 ùñ dE � 2|~p|d|~p|

2
a
|~p|2 �m2

ùñ EdE � |~p|d|~p|, (73a)

d3p � |~p|2d|~p|dΩ � |~p|EdEdΩ � |~p|EdE sinpθqdθdφ. (73b)

The cross-section then is,

σ � e2a2

p2πq2
»

dE1

»
dΩ

|~p1|
2E1

δpE1 � ω{2q �2E2
1 � 2pE2

1 �m2q sinpθq2 sinpφq2�
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� e2a2

p2πq2
» π
0

dθ sinpθq
» 2π

0
dφ

a
ω2{4�m2

ω

�
ω2{2� 2pω2{4�m2q sinpθq2 sinpφq2� .

(74)

Since » π
0

sinpθq3dθ � 4{3, (75a)» 2π

0
sinpφq2dφ � π, (75b)» π
0

sinpθqdθ � 2, (75c)

we get

σ � e2a2

p2πq2
a
ω2{4�m2

ω

�
πω2 � 4

3
π
�
ω2{4�m2

��

� e2a2

3π

a
ω2{4�m2

ω

�
ω2 � 2m2

�
. (76)

This is meaningful only if,

ω2

4
¥ m2 ùñ ω ¥ 2m

SI unitsÝÑ ~ω ¥ 2m. (77)

The process can happen only if the energy provided by the external electro-
magnetic field is larger than or equal to the sum of the masses of the final
particles. However, for the equality σ is defined, but it is zero.
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