
Tutorial 2

FK8027 - Quantum Field Theory

Wednesday 13th November, 2019

Topics for today

• Vectors and covectors

• The metric tensor and the musical isomorphism

Partially based on these notes from the course homepage, whose reading
is recommended.

1 Vectors and covectors

Special relativity is a theory describing physical phenomena by introducing a
4-dimensional (flat) spacetime, having 3 spatial and 1 temporal dimension.1

We can consider coordinates in this spacetime and we can denote them
with

{
x0 = c · t, x1, x2, x3

}
, where c is the speed of light. In natural units,

c = 1 and x0 = t. We can refer to these coordinates more easily by defining
the following object,

xµ =
(
x0, x1, x2, x3

)
, µ ∈ {0, 1, 2, 3} . (1)

This is just a notation to write the coordinates of a point in Minkowski
spacetime in a compact form.

Suppose to consider a general coordinate transformation (GCT) between
two coordinate systems xµ and x̃µ. The transformation laws between the
two sets of coordinates are,

x̃µ = x̃µ (xµ) = x̃µ
(
x0, x1, x2, x3

)
. (2)

[e.g., x = r sin (θ) cos (φ) ,

y = r sin (θ) sin (φ) ,

z = r cos (θ) .]

By assumption, the functional relationship can be inverted, i.e.,

xµ = xµ (x̃µ) = xµ
(
x̃0, x̃1, x̃2, x̃3

)
. (3)

Using our knowledge from the multivariate calculus, we can write how the

differential dxµ and the derivative
∂

∂xµ
transform under the GCT,

dx̃µ =

3∑
ν=0

(
∂x̃µ

∂xν

)
dxν (4a)

1The term “flat” signifies that we can cover the entire spacetime with a unique coor-
dinate system, thus mapping the entire spacetime to R4 [1, p.17]—

M. Tsamparlis, Special relativity: an introduction with 200 problems and solutions
(Springer Berlin Heidelberg, 2010)

.
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∂

∂x̃µ
=

3∑
ν=0

(
∂xµ

∂x̃ν

)
∂

∂xµ
. (4b)

We see that these two quantities transform differently under a GCT. These
two types of transformation are the basic types, and we can define two
different categories of geometric objects based on them.

Definition 1. A geometrical object whose components transform as those
of dxµ is called a vector (or, old-fashionedly, a “contravariant vector”).

Definition 2. A geometrical object whose components transform as those
of ∂/∂xµ is called a covector (or, old-fashionedly, a “covariant vector”).

According to these definitions, we can write down how the components
of a vector v and a covector ω transform,

ṽµ(x̃) =
3∑

ν=0

(
∂x̃µ

∂xν

)
vν(x) (5a)

ω̃µ(x̃) =

3∑
ν=0

(
∂xµ

∂x̃ν

)
ων(x) (5b)

The position of the index, up or down (respectively, a “contravariant index”
and a “covariant index”), tells us about the transformation properties of the
object. Therefore, vectors have components denoted with upper (contravari-
ant) indices, and covectors have components denoted with lower (covariant)
indices. However, a very important remark is that not every object with an
upper (lower) index is a vector (covector); e.g., xµ =

(
x0, x1, x2, x3

)
does

not transform as a vector under a GCT, because the change of coordinates
can be arbitrary (nonlinear) [see (2)], hence xµ is not a vector under GCT.

This index notation allows us to handle more complex geometric objects
in a vary handy way.

Definition 3. A tensor T of rank m+ n, with components having m con-
travariant indices and n covariant indices and denoted by Tµ1...µnν1...νn , is a
geometrical object whose components transform as follows under a GCT,

T̃ µ̃1...µ̃n ν̃1...ν̃n =

(
∂x̃µ̃1

∂xµ1
. . .

∂x̃µ̃m

∂xµm

)
Tµ1...µnν1...νn

(
∂xν1

∂x̃ν̃1
. . .

∂xνn

∂x̃ν̃n

)
, (6)

where we are using the Einstein’s summation convention, i.e. a summation
is implied whenever an index is repeated in upper and lower position in an
expression.

Note that upper indices appearing in denominators count as lower in-
dices, and viceversa (see Exercise 1)—you can actually see this explicitly in
(6). We remind that each index run from 0 to 3, so we have, e.g.,

∂x̃µ

∂xµ
=
∂x̃0

∂x0
+
∂x̃1

∂x1
+
∂x̃2

∂x2
+
∂x̃3

∂x3
. (7)
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Since ∂x̃µ/∂xν and ∂xµ/∂x̃ν are functions, respectively, of xµ and x̃µ,
they are numbers at each point of the spacetime. Hence, they can be re-
garded as element of matrices (that depend on the point of the spacetime).
We can define,

Mµ
ν (xρ) :=

∂x̃µ

∂xν
(xρ) , Nµ

ν (x̃ρ) :=
∂xµ

∂x̃ν
(x̃ρ) , (8)

where the index labeling the rows of the matrices is the first one (on the
left), the one labeling the columns of the matrices is the second one (on the
right). The height of the index only defines the transformation properties.

Then, in matrix notation, the transformation laws of vectors and covec-
tors can be written

ṽµ = Mµ
νv
ν , or ṽ = M · v, (9a)

ω̃µ = Nν
µων = (Nᵀ)µ

νων , or ω̃ = ω ·N. (9b)

Using the chain rule, we can write

3∑
ν=0

∂x̃µ

∂xν
∂xν

∂x̃σ
=
∂x̃µ

∂x̃σ
= δµσ (10)

with δµσ Kronecker delta. It follows that

δµσ =
∂x̃µ

∂xν
∂xν

∂x̃σ
= Mµ

νN
ν
σ =⇒ Nν

σ =
(
M−1

)ν
σ, or N = M−1, (11)

as one might expect.
We can define an operation between a vector and a covector, called

“contraction”, as

contraction (v, ω) := vµωµ = v0ω0 + v1ω1 + v2ω2 + v3ω3. (12)

The result of the contraction does not change under a GCT,

ṽµω̃µ =
∂x̃µ

∂xν
vν
∂xλ

∂x̃µ
ωλ = vν

∂x̃µ

∂xν
∂xλ

∂x̃µ
ωλ = vνδν

λωλ = vνων . (13)

The contracted indices are called “dummy” indices. Not contracted indices
are called “free” indices. Only free indices determine the transformation
properties of a geometric object, hence only free indices establish the rank
of a tensor. The contraction can be defined between any rank-m tensor and
rank-n tensor, e.g.,

TµνρσSαµβσ = T 0νρ0Sα0β0 + T 1νρ0Sα1β0 + T 2νρ0Sα2β0 + T 3νρ0Sα3β0

+ T 0νρ1Sα0β1 + T 1νρ1Sα1β1 + T 2νρ1Sα2β1 + T 3νρ1Sα3β1

+ T 0νρ2Sα0β2 + T 1νρ2Sα1β2 + T 2νρ2Sα2β2 + T 3νρ2Sα3β2
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+ T 0νρ3Sα0β3 + T 1νρ3Sα1β3 + T 2νρ3Sα2β3 + T 3νρ3Sα3β3 (14)

Notice that the dummy indices can be renamed at any time, but they cannot
be renamed with a letter which already indicates another contraction, or a
free index. For example, TµνρσSαµβσ is a well defined expression. We can
write it also as T γνρδSαγβδ and it is still well-defined. However, TµνρµSαµβµ
is not well-defined, because we do not know, e.g., if the first µ index of T is
contracted with the first or second index µ of S. Analogously, the expression
T ρνρσSαρβσ is not well-defined.

We defined the contraction as an operation involving the components of
a vector and a covector. The abstract meaning of this operation is that a
covector is a function which takes a vector as its argument and returns a
real number, equal to the output of the contraction (12),

ωµ takes vµ and gives ωµv
µ ⇐⇒ ω(v) = ωµv

µ (15)

This definition of a covector is independent of the coordinates and is the
one used in linear algebra and differential geometry. More in detail, suppose
we have a vector space V ; we define its dual space as the space of all linear
functions ω : V → R. The elements of this space are the covectors. Analo-
gously, vectors are linear functions from the dual space V ∗ of covectors to R,
so they take a covector as argument and return a real number (again equal
to the result of (12)).

vµ takes ωµ and gives vµωµ ⇐⇒ v(ω) = vµωµ (16)

This abstract definition can be extended to tensors of any rank. For example,
the tensor P with components Pµνρσα is a linear function which takes as
arguments 2 covectors—because it has 2 contravariant indices that can be
contracted with 2 covariant indices—and 3 vectors, and returns the real
number given by the contraction ωµγν P

µν
ρσα v

ρuσwα. The index notation
is powerful because it allows us to perform all these abstract operations in an
easy way by contracting indices, using only the components of the tensors.

When dealing with the components of tensors having a rank ≥ 2, we
can define some maps, other than the tensors themselves, but having the
same components. For example, suppose that we contract Pµνρσα with 2
covectors ωµ, σµ and 2 vectors uµ, vµ,

Pµνρσα ωµσνu
ρvσ. (17)

The result is an object with a covariant free index α, i.e., a covector. Then,
we can think of another map P̃ , with the same components of the tensor P ,
which takes as arguments 2 covectors and 2 vectors, and returns a covector.
This concept is important to understand what the metric tensor does.
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2 The metric tensor and the musical isomorphism

From the geometry and linear algebra course, we know that in a vector
space V we can define a “scalar product” · (or “inner product”) between two
vectors u and v as u · v = x, with x ∈ R. Let’s consider the components gµν
of a nondegenerate tensor such that their contraction with the components
of any two vectors uµ and vµ gives their scalar product.2 In formulas,

gµνu
µvν := u · v = x ∈ R, ∀u, v ∈ V. (18)

The tensor g whose components satisfy (18) is called the metric tensor.
Usually, one first defines a certain metric tensor, which implies the existence
of a scalar product. Notice that, since the scalar product is symmetric, i.e.,
u · v = v · u, the metric tensor itself is symmetric, and this implies that its
components satisfy gµν = gνµ,

u · v = v · u =⇒ gµνu
µvν = gµνv

µuν

rename
dummy
indices

= gνµu
µvν =⇒ gµν = gνµ. (19)

As we pointed out in the previous section, we can define a map g̃ with
the same components of the metric tensor gµν , which sends a vector to a
covector. It is possible to prove [2, p. 282]—

J. Lee, Introduction to smooth manifolds, Graduate Texts in Mathematics
(Springer, 2003)

that this map is bijective and
that it is actually an isomorphism between the vector space of vectors and
the dual vector space of covectors.3 Therefore, if we have a metric, vectors
and covectors can be regarded as equivalent.

Consider the vector v with components vµ. We identify the covector
having components gµνv

ν with v; then, we denote the components of the
covector with

vµ := gµνv
ν . (20)

We use the same symbol v for the vector and the covector, by virtue of the
isomorphism induced by the metric g, which tells us that the two objects
are equivalent.

It is very common, in physics (and in old-fashioned mathematics), to
talk about this topic in terms of “rasing and lowering” indices. Look at
(20): the map g̃ is just “lowering” the index of v, so it appears that we are
considering different “versions” of the same geometric object. However, you
should remember that we are really referring to different objects when we
write vµ or vµ; it is not the same object with different indices. In the first
case we refer to the components of a vector, in the second case we refer to
the components of its dual covector, which we call with the same name.

2Nondegenerate means that the matrix of components gµν has a nonzero determinant,
i.e., it is invertible.

3Two isomorphic structures, roughly speaking, can be considered as equivalent or, if
you prefer, “indistinguishable”.
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We assumed that the metric g is invertible. We denote the inverse with
g−1 and its components with gµν . It holds, by definition,

gµρg
ρν = gµ

ν = δµ
ν . (21)

In the same way g̃ lowers indices, g̃−1 raises them,

vµ := gµνvν , (22)

compatibly with (21).
The raising and lowering of the indices of a tensor resembles the raising

and lowering of a musical tone (respectively, sharp and flat tone). Because of
this, the isomorphism g̃ between vectors and covectors, induced by a metric
g, is called the “musical isomorphism”. If you want to deepen these topics,
a good reference is [2, Chapter 6, p. 124; Chapter 11, p. 282]—

J. Lee, Introduction to smooth manifolds, Graduate Texts in Mathematics
(Springer, 2003)

.
In classical physics, the metric tensor is the euclidean metric, i.e., the

identity,

δµν =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , (23)

therefore there is no difference at all between the component of a vector
and those of its dual covector (see next section). In special relativity and in
QFT, the metric tensor is the Minkowski one, denoted by ηµν

ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (24)

Hence, the time components of a vector and its dual are the same, but the
spatial ones differ in sign.

Let’s now define the trace operation in index notation. We know that,
if we have a matrix A, its trace is the sum of its diagonal components. In
index notation, a sum in indicated by a repeated index in upper and lower
position (Einstein’s summation convention), therefore the trace of a rank-2
tensor A is given by

tr (A) := Aµµ = A0
0 +A1

1 +A2
2 +A3

3, (25)

which is a contraction of its own indices. Note that, if you have a tensor
with both covariant (contravariant) indices and you want to take its trace,
you must always raise (lower) one of its indices before contracting them. As
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e(1)

e(2) v

v1

v2

v1

v2

(a) Orthogonal frame in 2-dimensional
Euclidean space.

e(1)

e(2) v

v1

v2

v1
v2

(b) Non-orthogonal frame in 2-dimensional Eu-
clidean space (the same happens with an or-
thogonal frame in a curved spacetime).

Figure 1: Components of the vector v (blue) and of its dual covector (red)
with respect to the frame

{
e(1), e(2)

}
.

an example, we compute the trace of the metric tensor, which is not gµµ but
rather,

tr(g) := gµρgρµ = gµµ = δµµ = 4. (26)

We have first raised the first index of the metric with the inverse metric
and obtained the identity (whose components are given by the Kronecker
delta), and only afterwards we have contracted the upper and lower indices
of the delta. The trace of any metric is always equal to the dimension of the
spacetime, i.e., 4 in our case.

3 A graphical way to visualize the components of
a vector and those of its dual

Let’s try to have a geometric intuition of what we have talked about. Sup-
pose we have a vector v. Its components with respect to a basis

{
e(1), e(2)

}
are obtained from the vectorial sum law (or parallelogram law), i.e.,

v = v1e(1) + v2e(2). (27)

The components of its dual covector are vµ = gµνv
ν , which graphically

means that they are determined not by using the parallelogram law, but in-
sted by orthogonal projection to the basis vectors. In Euclidean spacetime
with an orthogonal frame, the two methods lead to the same result, as we
can see in Figure 1a. However, in the other cases the two sets of compo-
nents differ; in Figure 1b we see what happens if the reference frame is not
orthogonal with respect to the Euclidean metric.
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Exercises

Exercise 1. Prove that ∂µ ≡ ∂/∂xµ transforms as a covector.

Solution. The chain rule of derivatives tells us that

∂′µ =
∂

∂x′µ
=
∂xν

∂x′µ
∂

∂xν
=
∂xν

∂x′µ
∂ν . (28)

This justifies the statement that contravariant indices at the denominator
count as covariant ones. The proof that ∂/∂xµ transforms as a vector is left
to the reader.

Exercise 2. Prove that dxµ transforms as a vector.

Solution. The differential of a function f : R4 → R is defined as,

df :=
∂f

∂xµ
dxµ. (29)

Hence, the differential of the new coordinate functions x̃µ(xν) is given by

dx̃µ :=
∂x̃µ

∂xν
dxν , (30)

which is the transformation law of dxµ under a GCT.

Exercise 3. Show that the trace of a mixed tensor Tµν is a scalar, i.e., it
holds tr (T ′) = tr (T ) (the trace does not change under a change of coordi-
nates).

Solution.

T ′µµ =
∂xµ

∂x′ν
T νρ

∂x′µ

∂xν
= T νρ

∂x′ρ

∂x′ν
= T νρδ

ρ
ν = T νν .

Exercise 4. If Aµ and Bν are vectors, prove that Tµν ≡ AµBν is a tensor.

Solution.

T ′µν = A′µB′ν =

(
∂x′µ

∂xρ
Aρ
)(

∂x′ν

∂xσ
Bσ

)
=
∂x′µ

∂xρ
∂x′ν

∂xσ
AρBσ =

∂x′µ

∂xρ
∂x′ν

∂xσ
T ρσ.

Exercise 5. If Bµ is a vector and Aµν is a tensor, prove that Xµ = BνAµν
is a covector.

Solution.

X ′µ = B′µA′µν =
∂x′ν

∂xσ
Bσ ∂x

ρ

∂x′µ
Aργ

∂xγ

∂x′ν

=
∂xρ

∂x′µ
δσ
γ (BσAργ) =

∂xρ

∂x′µ
(BσAρσ) =

∂xρ

∂x′µ
Xρ.
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